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Abstract 

We propose a general frame work for deriving the OPEs within a logarithmic 
conformal field theory (LCFT). This naturally leads to the emergence of a log- 
arithmic partner of the energy momentum tensor within an LCFT, and implies 
that the current algebra associated with an LCFT is expanded. We derive this 
algebra for a generic LCFT and discuss some of its implications. We observe that 
two constants arise in the OPE of the energy-momentum tensor with itself. One 
of these is the usual central charge. 
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Since the paper by Belavin, Polyakov and Zamolodchikov ]|] on the determining 
role of conformal invariance on the structure of two dimensional quantum field theo- 
ries, an enormous amount of work has been done on the role of conformal field theories 
(CFTs) in various aspects of physics such as string theory, critical phenomena and 
condensed matter physics. A decade later, Gurarie [|| pointed to the existence of 
LCFTs. Correlation functions in an LCFT may have logarithmic as well as power 
dependence. Such logarithmic terms were ruled out earlier due to requirements such 
as unitarity or non existence of null states. The literature on LCFT is already very 
long, for a survey see some of the recent papers on LCFT for example §, |,§. 

In an LCFT, degenerate operators exist which form a Jordan cell under conformal 
transformations. In the simplest case one has a pair C and D transforming as: 
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C{\z) = \- A C(z), 

D(Xz) = \- A [D(z) -C(z)ln\}. (1) 

In ref. || we proposed that by introducing nilpotent variables a 'superfield' may 
be defined : 

$(z,e) = C{z) + 9D{z) (2) 
with the laws of transformation (1) expressed in unison as: 

$(\z,6) = \-( A+9 ^(z,6). (3) 

This equation is equivalent to equation (1), this can easily be seen by expansion 
in powers of 9. In this letter we extend our 'superfield' to a four-component one, 
exploiting a grassman variable rj, 

§(z, rf) = C(z) + a(z)r] + fja(z) + fjr]D(z). (4) 

Here a fermionic field a(z) with the same conformal dimension as C(z) has been 
added to the multiplet, and the nilpotent variable of ref || has been interpreted as 
fjrj . Note that both a and a live in the holomorphic section of the theory. Now we 
observe that <&(z,rj) has the following transformation law under scaling 

$(Az,7?) = A- (A+ ^ ) $(z,t ? ). (5) 

To find out what this scaling law means, one should expand both sides of equation(5) 
in terms of rj and f\. Doing this and comparing the two sides of equation (5), it is 
found that C(z) and D(z) transform as equation (1) and a and a are ordinary fields 
of dimension A. The appearance of such fields has been proposed by Kausch Q, 
within the c = — 2 theory. 

As discussed in [|| using this structure one can derive most of the properties of 
LCFTs. Let us first consider the unity operator. In || we observed that this structure 
implies the existence of logarithmic partners for the unit and the energy-momentum 
tensor. The existence of these operators had previously been noted in the literature 
ill- 

So, in addition to the ordinary unit operator Q, with the property $1S = S for 
any field S, there exists a logarithmic partner for 0, which we denote by to. We must 
have two other fields with zero conformal dimension for the multiplet to complete: 



$ (z, rj) = Q + £(z)r) + t£{z) + rjr]u(z). (6) 

with the property that (§o(z,r])) = fjr]. Note that LCFTs have the curious property 
that (O) = 0. The existence of these fields and their OPEs have been discussed by 
Kausch Q. Kausch takes the ghost action of 

S = - [ d 2 z(adb + adb) (7) 
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with c = — 2. Instead of the degrees of freedom a and b, he takes two fields x a on 
equal footing, where a = 1,2. Taking the Laurent expansion 

x a = Ex^~ n ~ x ( 8 ) 

n 

he observes that Xo plays the r °l e of a ladder operator for the multiplet defined in 
equation (6) 

xo « = o (9) 

xo^ = r (io) 

x?^ = d a/3 0, (11) 

where d a ^ is a totally antisymmetric matrix. Note that over the vacuum multiplet 
we have, 

X^ = d al3 L . (12) 

An interesting question is whether it is possible to write the OPEs of the fields in 
the multiplet in terms of our fields <&o(z,r/). The OPE of <J>o with itself has to give 
back $o t° lowest order: 

M*i,m)Mz2,V2) ~ (zi - z 2 )^+^Mzi,V3) (13) 

where 773 = rj\ + 772 - To see why this OPE has been proposed, one can look at the be- 
haviour of both sides of equation(13) under scaling transformation. Under the trans- 
formation z — > Xz the LHS of equation (13) transforms as LHS — » X~^ lVl+fl2ri2 ^ LH S , 
(See the transformation law (5)) and the RHS of equation (13) transforms as RHS — > 
Xmm+mvi-mm jijj g ^ which are the same. So the OPE proposed here seems reason- 
able. 

The OPEs of the primary fields involved can then be extracted by expanding in 
powers of 77. Taking z 2 = and renaming z\ = z the OPEs of these fields, aside from 
trivial OPEs of f2, are: 



£(z)£(0) = 2t(w + niogz) (14) 
£(*M0) = -£logz (15) 
w(s)w(0) = - log z(2u; + Olog z) (16) 

These results are consistent with those of jjj. An obvious generalization of (13) leads 
to: 

»7i)*6(32,»72) ~ (*i - z 2 ) A ^- A ^^ + ^C ab Mz 1 , m ) (17) 

for any three primary fields with arbitrary conformal dimensions. An immediate 
implication of these equations is that the OPE of two C fields will be the first com- 
ponents of the multiplets such as an Q or another C, thus the expectation values of 
an arbitrary string (C(l)C(2)..C(n)) will vanish in any LCFT ||. 
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A consequence of existence of $o is the existence of the energy-momentum multi- 
plet: 

T{z,r,) = L- 2 $ Q (z,7)). (18) 
We thus observe that we have three partners for the energy-momentum tensor 



T(z,r/) = Tq{z) + fjC(z) + C( z )v + fjr]t(z), as discussed by Gurarie and Ludwig [10|. 
In their paper, they have considered some specific theories and have suggested some 
OPEs for different fields of energy-momentum tensor multiplet. However, getting 
some insight from the OPEs we have written so far, we propose 

T(z, Vl )T(0, m ) = 

.w^if ¥ $ o^) | Wfe) , < m )T( m ) | f{ m )d z T( m ) 

z 4 z 3 z 2 z 

There are some points in this OPE which should be clarified. First of all, in 
contrast with the OPE of ordinary energy-momentum tensor, there exists a 1/z 3 
term. In the ordinary OPE, this term vanishes because L_if2 = 0. Such a reasoning 
can not be extended to the case of other fields of the energy-momentum multiplet, 
that is, one can not assume that L-iuj, L_ i£ and L_i£ all vanish. In equation (19) 
we have denoted L_i<I>o( ? ?) by x(v) = f]a + ar] + fjrjj. 

The other point is that the constants appearing on the RHS depend only on 
7/3. This seems a reasonable assumption. The constants such as c(r/) have only two 
components, that is we can express them as c(r/) = c\ + c 2 fjT], since we wish to avoid 
non-scalar constants in our theory. Note that c\ corresponds to the usual central 
charge in the ordinary theories. It will be more clear when one looks at the OPE of 
two To's which is given below. The constant e(r/) is taken to be e{rj) = 2 + 7777 for 
consistency with known conformal dimension of Tq(z) and with the fact that t(z) is 
the logarithmic partner of Tq(z). Also f{rj) is taken to be unit, in order to obtain the 
familiar action of To on the members of the multiplet. By now, there is no restrictions 
on d{rj) and we will take it to be d\ + 7777^2 , however as shown below, the constant d 2 
plays no role in the OPE. 

Expanding both sides of equation (19), we find the explicit form of the OPEs : 

T (z)T (0) = ^ + ^ + ^ (20) 
m , N fft + ^w dxJ 2t + T d z t . s 

r (*)t(o = ± — ^— + -\ + — ^ + ^ 21 

Z A Z A z 

, s (n , 1 log z ((ci log z + 2c 2 )0 + 2ciu) _ 2di log zJ 
t(z)t(U)- 2 ^ ^ 

2 log z(2t + T log z) + 2 log zT _ d z (log z(2t + T log z)) 

z 2 z 

T oWC(0) = -^ + ^ + ^ + ^ (23) 

C(*)*(0) = ~- Ciei ° gZ - dll T a - - ^ (C1 ° gZ) (24) 

2 z 6 z l z 

7l l c 1 (io + Qlogz)+c 2 n d x J 2(t + T log z) + T d z (t + T logz) 
CWC(0) = -- - A — - 2 -(25) 



(22) 
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We observe that these expressions are not the same as those found by [10|. Aside from 
the presence of the 1/z 3 terms, the most important difference is that we have the loga- 
rithmic partner of unity operator in our OPEs as well as unity, itself. The existence of 
'pseudo-unity' when there is a logarithmic partner for the energy-momentum tensor, 
is obligatory, in fact one can easily show that L + 2t(z) is the logarithmic partner of 
unity. The presence of pseudo-unity causes some problems with the OPEs derived by 
PE[|, because now the expectation value of fl is zero. This leads to 

(To( Zl )T (z 2 )) = (26) 
regardless whether c\ is zero or not. Instead we have 

(M*i)t{*2)) = Cl , 4 (27) 

i\z\ — z 2 r 

which is just the one written by with b being c\/2 of our theory. So it is observed 
that in such theories, there is no need to set c\ = 0, however as suggested by [pi]], two 
central charges appear as is seen in equation (19). Since this structure is reminiscent 
of supersymmetry, most authors have set c\ = 0. Setting c\ to zero, we do find a 
much simpler OPE. However, two obvious differences with supersymmetry may be 
observed. First, £ does not transform like the supercurrent of SOFT. Second, the role 
of t(z) is not clear. We therefore believe that connection with supersymmetry, if any, 



has to appear at a deeper level. Thus identifying t with the similar object in [10 may 
not be right. 

In conclusion it is seen that the idea of grassman variables in LCFT can be ex- 
tended to include fermionic fields in the theory, and this naturally leads to a cur- 
rent algebra involving the energy momentum tensor, its logarithmic partner and two 
fermionic currents. Despite the superficial resemblance to supersymmetry such as 
super multiplets etc., there is need of further clarification if there is any supersymme- 
try within the theory. Furthermore the structure of the derived algebra around the 
Virasoro algebra remains to be worked out. 
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